The environment can moderate the effect of genes -a phenomenon called gene-environment (GxE) interaction. There are 7 two broad types of GxE modeled in human behavior -qualitative GxE, where the effects of individual genetic variants 8 differ depending on some environmental moderator, and quantitative GxE, where the additive genetic variance changes 9 as a function of an environmental moderator. Tests of both qualitative and quantitative GxE have traditionally relied on 10 comparing the covariances between twins and close relatives, but recently there has been interest in testing such models 11 on unrelated individuals measured on genomewide data. However, to date, there has been no ability to test quantitative 12 GxE effects in unrelated individuals using genomewide data because standard software cannot solve nonlinear constraints. 13
where O and q are additional GRMs that are functions of both the moderator and A (see Supplement for details). As can 16 be seen, the coefficient of the second term ( ′) is a function of the first and third term, which makes equation (3) a 17 constrained covariance matrix. REML (implemented by GCTA) can deal with multiple GRMs if their coefficients are 18 independent of each other, but that is not the case here. If these three GRMs (A, A 2 , A 3 ) are entered into GCTA, it will estimate 19 a coefficient of the second term that is not constrained to equal M . Here, we maximize the log-likelihood function using 20 parallel constrained optimization (see the definition of matrix in [32] , page 77) assuming that the phenotypes follow a 21 multivariate normal distribution (see Methods). 22 
23
We ran a comprehensive set of simulations (Method section) to investigate the performance of the proposed method. 24
Phenotypes were simulated from each of the 5 models with 6 different sets of parameters (Table S2) Figures S1-S9 and Tables S7-S12, and show no  1 inflation of type-I error rates. Figure 1 presents the statistical power for testing M = 0 in Model 3, and shows 80% power for 2 detecting a 5% increase in V A for every standard deviation increase in the moderator (when a=.63 and a'=.04) once sample 3 sizes are above 8000. The power for a given parameter differs across models (see Supplementary Tables S7-S12 and  4 Supplementary Figures S10-S17), and is lower in models attempting to estimate more parameters due to correlations 5 between the estimates. For example, 80% power for detecting ′ in Model 3 requires a sample size of 1000, but due to the 6 correlation between estimates of M and ′, requires a sample of size 6000 in Model 1. 7 8 Figure 2 shows results from a sensitivity analysis, where the data are simulated from Model 1 and the parameters are 9 estimated from Models 1-5, to show the effects of model misspecification on parameter estimates. Estimates are unbiased 10 when the correct model is used, but ′ is overestimated and underestimated when ′ is incorrectly dropped, and ′ is 11 overestimated and underestimated when ′ is incorrectly dropped. When both ′ and ′ are incorrectly dropped, such as 12 would occur using the traditional approach and not allowing for moderation of V 8 or V 7 , estimates for are unbiased but 13 estimates for are overestimated, leading to underestimation of h 2 . Figures S18-S20 show similar results where data are 14 simulated from models 2, 3, 4, and 5 respectively (see also Tables S18-S21). Overall, our results indicate that estimates are 15 unbiased when the correct model is chosen but can be biased to various degrees under model misspecification. 16 
17
It is important to note that environmental effect may be correlated with the genetic effect on the trait ( uv ) rather than 18 modifying the genetic effects on the trait (GxE). uv implies that certain alleles are over-or under-represented depending on 19 the value of the moderator, and can appear as quantitative GxE in certain ways of modeling GxE, e.g., by stratifying the sample 20 by the moderator. Entering the moderator in the means model as a main effect, as is done here, will effectively remove from 21 the covariance model any genetic effects that are shared between trait and moderator [8] . 22 
23
The use of unrelated samples with genome-wide SNP data allow investigations of quantitative GxE hypotheses in larger 24 sample sizes and on more phenotypes than are available in twin and family datasets while avoiding potential biases that exist 25 when close relatives are modeled. To demonstrate our approach, we investigate the moderation of variance components of 26 IQ as a function of a measure of SES (the reverse-scaled Townsend Deprivation Index) in the UK Biobank, given that this has 27 6 been a hypothesis of great interest (Table S1 ). The estimated parameters along with their 95% confidence intervals (CI) and 1
p-values for all five models are presented in Table 1 . Across all models, the estimated parameters and are similar, showing 2 consistency of the estimated V 8 suggesting that overall V Q changes as a function of SES and that V 8 and V 7 change roughly proportionately. Consistent with 6 this, Model 5 had the lowest AIC and BIC values, making it the most parsimonious model (see Figure 3) . 7 8 Our results are in the opposite direction of those reported by several studies conducted in the US [19] [21] [22] . However, 9
our results are more consistent with several findings from Western Europe and Australia, where V 8 , on average, decreases 10 slightly as a function of SES [20] . However, even studies from Western Europe and Australia have tended to find virtually no 11 change in overall V Q (due to a counter-balancing effect of V 7 increases as a function of SES), whereas we found a significant 12 decrease in V Q across SES. While it is possible that moderation of unmodeled non-additive genetic effects in twin studies 13 could lead to discrepancies between the current results and those based on twins, this cannot explain different patterns of 14 changes in V Q . Thus, the source of discrepancies across this studies and previous ones based on twins may have to do with 15 differences in measures of IQ, of SES, or in differences in study populations. Almost all the US twin studies are conducted in 16 adolescent and early childhood, while this study and [20] are on adults (see Table S1 ). 17 
18
There are two limitations regarding the modeling approach for quantitative GxE we introduced. First, because codes were 19 written in R, the computational speed is not optimal (see Table 1 We have demonstrated a general approach for estimating quantitative GxE in unrelated samples using constrained 25 optimization. We showed by simulation that the bias of the estimated parameters is negligible, that type-I errors are 26 appropriately controlled, and that estimates can be biased under model misspecification. In particular, if quantitative GxE 27 7 effects occur, we showed that traditional approaches that do not model GxE underestimate heritability. We applied our 1 method to whole-genome SNP data from the UK Biobank, and found that phenotypic variance of IQ decreases as a function 2 of SES, but that heritability of SES remains roughly constant. participants were invited to visit an assessment center, at which they completed an automated questionnaire and were 7 interviewed about lifestyle, medical history and nutritional habits; basic variables such weight, height, blood pressure etc. 8 were measured; and blood and urine samples were taken, and DNA was extracted from blood. Genotyping was done using 9 two closely related arrays, with each having ~800,000 SNP markers. Samples were analyzed in batches of approximately 4700 10
individuals. 11 12
Data quality control. Participants were tested for fluid intelligence at up to three separate occasions; when more than one 13 score was available for an individual, we selected the first score. Fluid intelligence score is a simple unweighted sum of the 14 number of correct answers given to the 13 fluid intelligence questions. Participants who did not answer all of the questions 15 within the allotted 2-minute limit were scored as zero for each unanswered question. The mean for standardized fluid 16 intelligence score was .046 in males and -.042 in females (p < 0.001). Participant age (mean=58.2, SD=7.99) was computed 17 from the appropriate fluid intelligence collection date minus the birthday. The standardized fluid intelligence score decreased 18 slightly as age increased (beta = -.0095, p ∼ 0, adjusted R 2 = 0.006). Townsend deprivation index (TDI) was calculated 19 immediately prior to participant joining UK Biobank based on the area in which their postcode was located. The mean for 20 standardized TDI was 0.0028 and −0.0025 in males and females, respectively (p= 0.60). In this paper, we used reverse-21 coded TDI as a measure for SES. We used the first 15 principal components as covariates (see Table S25 ). In addition to the UKB standard genotypic quality 2 control, we dropped SNPs with missingness > .05 and with Hardy-Weinberg equilibrium threshold p < 10 |} , leaving 345,767 3
SNPs. 4 5
Simulation procedure. We simulated populations with sizes ∈ {500,1000,2000,4000, 8000} for different sets of 6 parameters = ( , ′, , ′). These values for are shown in Table S2 . (Tables 2 and S3-S6) . 17 
18
To investigate statistical power and type-I error rates, we simulated data sets with sizes ∈ {500,1000,2000,4000,8000} 19 from models defined under the alternative and null hypotheses respectively, and then computed the maximum value of the 20 log-likelihood for the alternative, ℓ( H ) and the null, ℓ( < ). The test statistics is 21 
